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GLOBAL STABILITY IN A COMPETITIVE INFECTION-AGE
STRUCTURED MODEL

QUENTIN RICHARD"

Abstract. We study a competitive infection-age structured SI model between two diseases. The well-
posedness of the system is handled by using integrated semigroups theory, while the existence and the
stability of disease-free or endemic equilibria are ensured, depending on the basic reproduction number
R§ and R} of each strain. We then exhibit Lyapunov functionals to analyse the global stability and we
prove that the disease-free equilibrium is globally asymptotically stable whenever max{Rj, R§} < 1.
With respect to explicit basin of attraction, the competitive exclusion principle occurs in the case where
RS # Ry and max{R{, R§} > 1, meaning that the strain with the largest Ry persists and eliminates
the other strain. In the limit case R§ = RS > 1, an infinite number of endemic equilibria exists and
constitute a globally attractive set.

Mathematics Subject Classification. 35B35, 35B40, 47D62, 92D30.
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1. INTRODUCTION

In [27], Kermack and McKendrick proposed the first ODE epidemic model. Since then, the literature on this
topic is wide and such models are commonly used to predict the evolution of a disease and eventually prevent
the apparition of epidemics. Incorporating another continuous variable such as the age since infection [30, 31,
34, 46], the infection-load [39, 40] or the time remaining before disease detection [28], the so-called structured
epidemiological models are described by transport equations (we refer e.g. to [1, 25] for an introduction of such
models) and sometimes by transport-diffusion equations [3, 4]. In the present paper, we consider the following
infection-age structured SI model, that describes the competition between two diseases for a same susceptible

Keywords and phrases: Lyapunov function, integrated semigroup, global stability, dynamical systems, structured population
dynamics, competitive exclusion.
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2 Q. RICHARD

population:

ds 00 oo
E(t) A - :U'SS(t) - S(t) f() ﬂz (a)x(t, a)da’ - S(t) fo ﬂy (a)y(t’ a)daa

M)+ o) = —p(@alto),
z(t,0) = S(t) [, Be(a)z(t,a)da (1.1)

DT 50 = e,
y(t,0) S(t) fy By(a)y(t,a)da

(S(O)’ I(O, )a y(07 )) (So, Lo, yO) € ]R-F X L-li-(oa OO) X L}i-(ov OO)

for every t > 0 and a > 0. Such system can for example be used to describe competition between two strains
of a same disease, as influenza [9], malaria [12] or avian influenza [34]. It can also be used in other contexts as
competition between species for a same nutrient in a chemostat [43], or competition between predators for a
single ressource [14].

Here, S(t),z(t,a) and y(t,a) respectively denote the density of susceptible individuals at time ¢ and both
infected populations of age a and at time ¢. The parameter A represents the recruitment flux into the susceptible
class while ug,p, and p, are the mortality rates of the three populations. Finally 3, and 3, describe the
transmission rates of both infected populations x and y. Let

B = sup(supp(8:)), By = sup(supp(B,))

(supp(-) denoting the support of any function) be the maximal age of infectiousness of the corresponding disease.
In the sequel, we will make the following assumption.

Assumption 1.1.

1. The parameters A, ug > 0 are positive and the functions p,, py, Bz, 8y are in L>°(0, 00) with £, # 0 and
By # 0. Moreover there exists po > 0 such that:

min{us, e (a), py(a)t = po ae. a > 0.

2. There exist 3, € [0, ;) and By € [0, B,) such that

Be(a) >0 ae. ac B Ba), Byla) >0 ae ac [ﬁy7E).

Consequently to the latter assumption, the probabilities functions

Tp:ar—>e Jo pa(s)ds Ty:a—>e J§ py(s)ds

describe the survival of the corresponding infected population. In the case 3, = 0, the system (1.1) becomes the
following infection-age structured model with only one disease:

%Set) = A—psS(t) = S(t) [y Ba(a)a(t,a)da,
axgt,a)+axéza) st )
z(t,0) = S(t) fooo Be(a)z(t,a)da.
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This latter model (1.2) has been investigated by Thieme and Castillo-Chavez [45, 46] with the study of the
uniform persistence and local exponential asymptotic stability of the endemic equilibrium. Related epidemic
models with delay can be found e.g. in [35, 36]. Thereafter, Magal, McCluskey and Webb [30] handled the global
stability of the endemic equilibrium of (1.2), by proving the result below. First define the quantity

_ A f()oo ﬂz (a)e_ f()a l‘m(s)dsda
B Hs

Ry

describing the number of secondary infections produced by a single infected patient. This latter threshold is
commonly used in the litterature (see e.g. [22] or more recently [38] for an introduction). First appareared in a
demographic context with the work of Dublin and Lotka [13] (see more recently [26] Chap. 9 for more references),
it is now frequently used in epidemiology (see e.g. [10, 11]) to state if a disease will persist or disappear.

Proposition 1.2. Suppose that Assumption 1.1 holds. If Ry <1, then (1.2) admits only the disease-free equi-
librium (MAS,O) € Ry x L1 (0,00), while if Ry > 1 then there exists also a (unique) endemic equilibrium denoted

by E*. Moreover, if Ry < 1 (resp. Ryg = 1), then (HAS,O) is globally asymptotically stable in Ry x L1 (0,00) (resp.
globally attractive). If Rg > 1 then the equilibrium E* is globally asymptotically stable in the set

B
S = {(So,a:o) €Ry x L1 (0,00) : /o xo(s)ds > 0}

while the disease-free equilibrium (MAS,O) is globally attractive in (Ry x LY (0,00))\ S.

The same result holds when interchanging the indexes x and y. At this point we can note that in [30], the
authors mentioned the global asymptotic stability of the disease-free equilibrium in the delicate case Ry = 1.
However, it seems that only the attractiveness is proved, by using Lyapunov functional. The same lack of proof
seems to appear also e.g. in [34, 39]. The reason for this is twofold. Firstly, in infinite dimensional systems, the
stability property is not ensured even if the attractiveness property is (see the Lasalle invariance principle [37]).
Secondly, the principle of linearisation used to get the local asymptotic stability fails when Ry = 1: indeed, we
obtain eigenvalues with real part equals to zero. However, we will show in Section 5.3 how to overcome the
stability in that case, by using some Lyapunov functional.

Recently, some papers considered structured epidemiological models with two groups of infections, or two
paths of infection (see e.g. [6, 8, 31]) by adding some interaction between the two groups. The global stability of
the equilibria and the persistence of the diseases are investigated, leading the to the existence of a Ry threshold.

A very similar model to (1.1) was analysed by Martcheva and Li [34], where they considered a SIR model
with n > 2 different groups of infectious individuals, to see how the emergence of other diseases can affect
the dynamics of the susceptible population. The analyse leads to the existence of n thresholds, one for each
disease. Then, using persistence results and proving existence of a global attractor as in [30], they enlighten a
competitive exclusion principle, meaning that the disease with the biggest Ry value will asymptotically survive,
while the other strains will disappear. This fundamental result in ecology was first postulated by Gause [18].
We refer e.g. to [2, 9, 12] for similar structured models where this principle occurs.

We first define the following thresholds

A
Ry = Tw7 Ry = —2
Hs Hs

where

Ty = /0 Bz (a)mx(a)da > 0, Ty 1= /0 By(a)my(a)da > 0.
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The system (1.1) always admits the disease free equilibrium
A
Ep := (55,0,0) = <,0,0> .
s
When R§ > 1 (resp. R§ > 1), we also have an endemic equilibrium given by

Ey = (ST,QZ‘T,O), (resp. Ey = (S;,O,y’;))

where
1 1
S* = S* == -
! Ty 2 Ty
. ps(Rg —1) . ps(RE — 1
vita) = BN ) gy = BN )
x Y

for every a > 0. Finally, when R} = R§ > 1, we have an infinite number of equilibria, given by

E; :(S*ax27y2)a Va € [132]

«

with
g - 1_1
ria) = 28D o)
i) = =D oy

for every a > 0 and where we can note that Ef = F; and E5 = Es. In order to analyse the asymptotic behaviour
of the solutions, we let X} =Ry x L1 (0,00) x L! (0, 00) and we define the sets

B
Sz = {(S0, 0, yo) € X4 : / zo(s)ds > 0}, 08, = X\ Sa,
0

By
Sy (0o m) € X [ Tiolshds > 0h 08, = X\,
0

containing initial infected populations that are in age to contaminate susceptible individuals, with the corre-
sponding disease, now or in the future. The convergence results, obtained in the present paper, that depend on
the thresholds R, R§ and on the initial condition, are summed up in the following table:

We notice that for each k € {z,y}, when taking an initial condition in dS) the solutions behave as in the case
(1.2), that is to say either the initial condition is taken in OSy and the solution goes to Ey, or it is taken in Sy and
the fate of the solution depends on the threshold R%. Furthermore, we prove that for each value RE and R}, the
equilibria Fy, F1 and E5 are globally asymptotically stable in the corresponding basin of attraction, according
to Figure 1. The competitive exclusion principle is then verified and we also handle e.g. the global asymptotic
stability of Fy in X} when max{R%, R§} = 1. However, the stability of the set of equilibria {EX, a € [1,2]} is
left open.
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95,103, [ 8,108, 98,15, | 8,13,
III‘(EX{R‘()T, Rg} S 1 E() E() E[] E()
R >1> Rl o I, Eo 13
Rg >1> RS Ey Ey FEs Es
Rg; > Rg > 1 Ey FEq Es Ey
RIS RE > 1 o I, E By

FIGURE 1. Convergence of the solutions depending on Rf, Rf and on the initial condition.

We first use the integrated semigroup theory, following [30], to get an appropriate framework in order to
prove that (1.1) is well-posed. It also allows us to linearise the system around each equilibrium, obtaining linear
Coy-semigroups, then we use spectral theory to get the local stability of the equilibria (see e.g. [16, 48, 49] for
more results on this topic). In [30], the authors combine uniform persistence results due to Hale and Waltman
[21], with results obtained in [33], to get the existence of a global attractor. While the same approach was used
in [34], we follow [39] and we take advantages of an explicit formulation of the semiflow that enables us to
exhibit the compactness of the orbits.

The method then used to perform the global analysis is based on the existence of a Lyapunov function (see
e.g. [24] for a survey of such functions in various ecological ODE and reaction-diffusion models). We therefore
use the following key non-negative function:

g:Ry, — R (1.3)
x — z—In(z)-1

that was first used by Goh [19] and Hsu [23]. For the present model, we shall also use the following Volterra-type
Lyapunov, incorporating the age-structure:

6— 2" /OOO ¥(a)z* (a)g ( ¢a) ) da

z*(a)

for any function ¢ > 0 a.e. with z* the equilibrium and ¢ some appropriate function. It was introduced in
[30], and was later used e.g. in [12, 31, 34, 39] for structured models. Note that similar functionals are used for
delayed equations (see e.g. [41] and the references therein). The latter attractiveness combined with the stability
then yield the global asymptotic stability of the corresponding equilibrium.

Note that the technique used in the present paper, contrarily to [34], allows us to study the case where
the maximal reproduction number is not unique, that is when R = R§. As written in Figure 1, the set of
equilibria {E},« € [1,2]} is proved to be globally attractive in S; N'S,. Finally, following [17] and [41], we
handle the stability of the disease-free equilibrium Fj in the case max{R§, Rj} = 1, by making use of the
Lyapunov functionals.

This article is structured as follows: in Section 2 we give the preliminaries results concerning existence,
uniqueness and boundedness of the solutions. In Section 3 we handle the stability of each equilibrium. Section 4
then deals with the existence of a compact attractor for the dynamical system and the identification of the basins
of attraction. In Section 5 we investigate the global analysis of (1.1). We start by defining suitable Lyapunov
functionals and proving their well-posedness. It allows to prove on one hand the global attractiveness of each
equilibrium, by using a Lasalle invariance principle theorem, and on the other hand the stability of the disease
free equilibrium when the principle of linearisation fails. Finally, we conclude about the global stability of each
equilibrium. We end the paper with some numerical simulations in Section 6 to illustrate the above results.
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2. WELL-POSEDNESS

2.1. Integrated semigroup formulation

In this section, we handle the well-posedness of (1.1). To this end, we follow [30] and we use integrated
semigroups theory (see e.g. [32] and the references therein for more details), whose approach was introduced by
Thieme [44]. First we consider the space

X =R x L0, )

then we define the linear operators A, : D(Ay) C X — X and A, : D(A;,) € X — X by
i (0 _( —¢00) i (0 _( —¢0)
A(g)=(Lo20e) A (0)= (500

D (AI) =D (Ay) = {0} x W1(0, ).

with

If A € C is such that R(\) > —po, then X € p(4,) N p(fly) (the resolvent sets of A, and A, respectively), and
we have the following explicit formula for the resolvent of A, (with k € {z,y}):

()\] — /Alk)il (Z) = (g) — ¢(a) = ce” Jo (pk(s)+X)ds + /Oa e~ fsa(ﬂk(E)Jr)\)dEw(S)ds. (2.1)

We can notice that (1.1) is equivalent to

S(t) = A—psS(t) = S() [ Bola)e(t.a)da — S() [ B, (@)y(t, a)da,

§($(3.>) = ( >+ S Jo Ba:(()a ta)da)
i(@/(ﬁ')) - ( > (S ) Jo ﬁy(“ ,a)da )

(5(0),2(0,-),5(0,4)) = (So,x0,y0) € Ry x Li_((),oo) x L1 (0, 00).

~

Defining

we can then rewrite (2.2) as an ordinary differential equation coupled with two non-densely defined Cauchy
problem:

% = —usS(t) + FL(S(), 2(1), §(t),
d“;f) — Aa(t) + Fa(S(1), 3(1), (1)),
dg(t)
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where

A(s(2)-())) =2-5 [ atsa—s [ 5@
(5.0) () -5 [ paon—s
Fy (S, @) , (2)) _ <S Iy ﬂmgl):c(a)da>

(60 ()- (7).

X=Rx (RxL'0,)°, Xy=Ryx (Ryx L}(0,00))

and

Consider the sets

and define the linear operator A: D(A) C X — X by
S —/Jss
@[+
0 ~ (0
(y> Ay <y)

D(A) =R x D(A,) x D(A,).

with

We then see that

D(A) =R x ({0} x L}(0,0))

(the closure of D(A)), so that D(A) is not dense in X. Now, define the non-linear function F' : D(A) — X by

O] |0).0)
) s (s(0).(9)

Xo:=D(A) =R x ({0} x Ll(O,oo))2

F

then let

and its positive cone

Xoy = D(A) N X, =Ry x ({0} x L1 (0,00))°.
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We can thus rewrite (1.1) as the following abstract Cauchy problem:

{d“(t) —  Au(t) + F(u(t)), ¥ > 0

dt
U(O) ug € Xp

where u(t) := (S(t),z(t,-),y(t,-)) and ug = (So, To, Yo)-

2.2. Local existence and positivity

Using the above semigroup formulation, we can state the classical following result:

Proposition 2.1. Suppose that Assumption 1.1 holds. Then there exists a unique continuous semiflow
{U(t)}i>0 on Xoy such that for every z € Xo4 there exist tmax < 00 and a continuous map U € C([0, tmax), Xo+)
which is an integrated solution of (2.3), i.e. such that

¢
/ U(s)zds € D(A), Vt € [0,tmax)
0
and

Ut)z=z+ A/Ot U(s)zds + /Ot F(U(s)z)ds, Vte€[0,tmax)-

Proof. On one hand, the explicit expression (2.1) of the resolvent of Ay, for each k € {z,y} ensures us that

IO =7l < 550

for some ¢ > 0 and for every n > 1, so that A is a Hille-Yosida operator with (—ug,c0) C p(A). On the other

hand, we can check that the non-linear function F is Lipschitz continuous. Using ([29], Prop. 3.2) or ([5], Prop.

4.3.3, p. 56) we get the local existence. Now, from (2.1) we deduce that A is resolvent positive, that is to say
M —A)'X, Cc Xy, VA€Ep(A).

Moreover, the expression of the non-linearity F' implies that for every r > 0, there exists ¢ > 0 such that

F(z)+cze Xy, VzeB(0,r)NXox

where B(0,r) denotes the ball of X, centred in 0 € X and with radius r. Finally, using ([29], Prop. 3.6), we get
the non-negativity of the solution. O

2.3. Boundedness and global existence

Let the Banach space
X =R x L*(0,00) x L*(0, 00)

endowed with the usual norm and denote by X’ its positive cone. We are ready to give the main result of this
section:
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Theorem 2.2. Suppose that Assumption 1.1 holds. Then for every z = (So, xo,yo) € X1, there exists a unique
mild solution (S, z,y) € C(R4, Xy), that induces a continuous semiflow via:

P R+ X XJr > (t,Z) — (I)t(z) = (S(t)ax(tv')vy(ta ))
Moreover, the semiflow ®; = (®F, &% ®Y) rewrites using Duhamel formulation as follows:
y(2) = (0,87 (2), 21" (2)) + (27 (2), 27%(2), @7 *(2))

with ®7(z) > 0 for every t > 0 and every z € X,. Finally, ®F and ®} are given by:

7 (2)(a) = zo(a — te o #=Dyy, (a), (2.4)
B0 = 0F4() [ A0 o) e)dse O ), (2.5
B} (2)(a) = yola — t)e™ Jo 1y ) (a), (2.6)
B20) = 850(2) [ BB () e)dse 1y ) 27)

where x denotes the characteristic function. Moreover, there exists a constant k (independent of z), such that

limsup S(¢t) < k, limsup z (¢, a) < ke™ "¢, limsupy(t,a) < ke Ho%,

t—o0o(z) t—oo(z) t—o00(z)

Proof. Let z := (So,x0,90) € X4+ and (S,z,y) € C([0,tmax), X+) be the solution of (1.1). Suppose by
contradiction that ty.x < oo. It would imply by ([29], Thm. 3.3) or ([5], Thm. 4.3.4, p. 57) that

lim (S(t) + [|z(t, )l + lly(E, )l[Lr) = oo (2.8)

t—tmax
From (1.1) we see that
§'(t) < A — psS(t)

for any t > 0, which implies that

limsup S(¢) < A + (So — A) e~ Hotmax (2.9)
ks

t_)tmax NS

by using a Gronwall argument. Now, an integration of (1.1) leads to

dfo dt / Bz(a)z(t,a da/ooo pa(a)z(t, a)da
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since z(t,-) € WH1(0,00) and z(t,a) —— 0 for each t € [0, tymax(2)). Thus we have

a—» 00

S'(t) + M <A—po <S(t) + /OOO x(t,a)da)

dt
and then
) *° A AN
lim sup z(t,a)da < — + ( So + [[zollp1(0,00) — — ) €7 HO e, (2.10)
t—tmax(2) 40 Ho ' Ho
Similarly, we get
) o A AN .
lim sup y(t,a)da < — 4 So + [[yoll L1 (0,00) — — | € F0Fmex. (2.11)
t—tmax(2) J0O Ho Ho

Consequently, we get a contradiction with (2.3) and then ¢y, = 0o. Finally, from (2.9)—(2.11), we deduce that
the solutions are asymptotically uniformly bounded, since the bound do not depend on the initial condition. [J

3. EQUILIBRIA AND THEIR STABILITY
As mentioned in the introduction, we have the following result concerning the existence of equilibria:
Proposition 3.1. Suppose that Assumption 1.1 holds. Then there hold that

if max{R{, R§} <1 then there is only one equilibrium that is Eo;

if RE > 1> Ry then there are two equilibria: Ey and Ey;

if RE <1< RY then there are two equilibria: Ey and Es;

if R > 1, Ry > 1 and RE # R} then there are three equilibria that are Ey, Ey and Es;

if RY = R§ > 1 then there are an infinite number of equilibria given by Ey and {E}, « € [1,2]}.

SAR NI

We start by reminding the following classical definition
Definition 3.2. Let S C X} be a subset of X} and E be an equilibrium of (1.1). Then we say that E is
— (Lyapunov) stable in S if for every € > 0, there exists 7 > 0 such that for every z € S:

Iz = Ellx <n = [[®(z) - Ellx <&, VE>0;

— unstable if E is not stable in A, ;
locally attractive in S if there exists n > 0 such that for every z € S satisfying ||z — E||x+ <7, then

Jim [,(z) ~ Ellx =0, (3.1)

— locally asymptotically stable (L.A.S.) in S if E is stable and locally attractive in S;
globally attractive in S if for every z € S, (3.1) is satisfied;
— globally asymptotically stable (G.A.S.) in S if E* is stable and globally attractive in S.

In the following, for notational simplicity, we will not specify the subset S if the latter is the whole positive
cone, i.e. when S = X;. We now handle the stability of the equilibria formerly defined.

Proposition 3.3. Suppose that Assumption 1.1 holds. Then the following hold:
1. if max{R%, Ry} <1 (resp. > 1) then Ey is L.A.S. (resp. unstable);
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2. if R§ > max{1, Ry} then Ey is L.A.S. If R§ > R} > 1, then E; is unstable.
3. if Ry > max{1, RY} then Ey is L.A.S. If R} > R§ > 1, then Ey is unstable;
4. if R§ = RY > 1, then for each a € [1,2], the equilibrium E¥ is not L.A.S. in X.

Proof. Let E := (S,7,%) be an equilibrium of (1.1), then the linearised system of (1.1) around E is:

dléit) = Au(t) + DFg(u(t)), Vt >0,
u(0) = uo € D(A)

where DFg : X — X denotes the differential of F' around E and is defined by:

=S8 Jo Bala)p(a)da — by [ Bu(a)@(a)da — S [ By(a)d(a)da — by [5~ By(a)F(a)da

b

bo S 57 Be(a)p(a)da + by [ Bz(a)T(a)da
DFg: | ¢ | = 0

‘;; 5 J5° Byla)yv(a)da + by [5° B,(a)g(a)da
0

Let A be the part of Ain D(A), i.e. Ay : D(A) 3 z — Az := AzD(A), then denote by {T'a, (¢) }+>0 the positive
semigroup generated by Ag. From (2.1), we know that (—pug,00) C p(Ag) and consequently s(Ag) < —po < 0
(where s(Ap) is the spectral bound of Ayg).

Since the semigroup {7, (t)}:>0 is positive, then wo({Ta,(t)}i>0) = s(Ao) (where wy denotes the growth
bound) by using ([16], Thm. VI. 1.15, p. 358). Moreover, we know that wess({T'4,(t)}¢>0), the essential growth
bound of {T'4, }+>0, satisfies wess({T'4, (t) }i>0) < wo({Ta, () }e>0). We then have on one hand:

Wess({T'4, () }1>0) < —pio < 0.

On the other hand, from its above expression, we see that DFg(X) is finite dimensional, so that DFg is a
compact bounded operator. From ([15], Thm. 1.2) we get

wess({T(A+DFE)O (t)}tZO) = WeSS({TAo (t)}tZO) < —pp <0
where {T( a4 pFy), (t)}¢>0 is the Cp semigroup generated by (A + DFg)o, that is the part of A+ DFpg in D(A).
From ([16], Cor. IV. 2.11, p. 258), we deduce that

{Aea((A+ DFg)o), R(A) > —po}

is finite and composed (at most) of isolated eigenvalues with finite algebraic multiplicity, where o(.) denotes
the spectrum. Consequently, it remains to study the punctual spectrum of (A + DFg)o. Using ([48] Prop. 4.19,
p. 206), we know that if s(A+ DFg) < 0 then F is L.A.S., while if s(A + DFg) > 0 then E is unstable. We
consider exponential solutions, i.e. of the form u(t) = e v, with 0 # v := (S, z,y) € D(A) and A € C. We obtain
the following system:

AS = —usS =B 5% Bulaalada— S [ Bular(@)da — 5 3% By(alyla)da — 8 f° By (@p(a)da
a'(a) = —pa(a)z(a) — Az(a),
y'(a) = —py(a)y(a) — Ay(a),
z(0) = Ffooo Bz(a)z(a)da + S fooo Bz(a)Z(a)da,
y(0) = S [y By(a)y(a)da+S [§° B, (a)y(a)da
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We then get

z(a) = 2(0)mz(a),  yla) = y(0)my(a)

for every a > 0,

5Q+M+/mmmm@m+/m@mmwm)
< / Be(a)me(a)e™**da + y(0) / By(a ﬂ'y()mda> (3.2)

and

{ 2(0) (1=58 f;° Be(a)mp(a)e **da) = S [ Bz(a)Z(a)da,
y(0) (1 =8 [5" By(a)my(a)e*da) = S [77 By(a)F(a)da,

with (S, 2(0), y(0)) # (0,0,0).

1.

Let E := Ey. From (3.2)—(3.3), we get:

( /ﬂq« a)m(a)e”**da + y(0) /5;; Wy()’\ad) =S (A + ps)

o) (1-8 [ utamta)eaa) =0,
v (183 [~ 8@ @) <o,

Suppose first that max{ R, R§} > 1. Without loss of generality, we can suppose that R > 1. We see that
the function

fiR3A— Sg;/ Be(a)m,(a)e™*da € R
0

is strictly decreasing, with f(0) = R3 > 1. We see that there exists \* > 0 such that f(A\*) = 1, and
considering e.g.

[ a)mz(a e *adg
(5,2(0),(0)) = (SO b im0 ,1,o>

we deduce that s(A+ DFg,) > A* > 0 so Ej is unstable. Suppose now that max{R%, R§} < 1 and that there
exists A € 0(A + DFg,) such that R(\) > 0. If y(0) # 0, then we have

1—50/ By (a)m,(a)e**da < RY < 1.

so we have y(0) = 0. Likewise we deduce that 2(0) = 0, but it then follows that S = 0, which is absurd.
Consequently Fj is L.A.S.



GLOBAL STABILITY IN A COMPETITIVE INFECTION-AGE STRUCTURED MODEL

2. Let E := E;. From (3.2)—(3.3), we get:

st (20) [ uamt@eaa+y0) [ 8, @m0 da) = =5 -+ psR5)

o0 (1= [ Butaymla)ede) = Sus(R - )

v (151 [ B@mf@eda) o,
Suppose that R§ > R¥ > 1, then when y(0) # 0, we obtain

ST /000 By(a)m,(a)e *da = 1.
We see that the function

fiR2A— 57 /OO By(a)m,(a)e *da
0

13

is strictly decreasing, with f(0) = Sfr, = :—I} > 1, and we deduce that s(A+ DEg,) > 0 so E; is unstable.

Suppose now that R} > max{R{,1} and that A € 0(A + DEg,) with ®(\) > 0. If (0) # 0 then

Sf/ By(a)my(a)e *da < v
0

T

which is absurd, so y(0) = 0. We deduce that
ST (33(0)/ Bz(a)m(a)e_/\ada> = —S(A+ usRf)
0

o) (1= 81 [ Autaymla)ede) = Sus(R - 1)

whence
> _ Stus(Ry —1) [y Be(a)my(a)e **da
125’*/  (a)7,(a)e da — = 0
([ @@ e
> - A+ ps
:S*/ waﬂwae)‘“da(>
P e an (S
SO
A z o
7;_5250 = ST/O Be(a)my(a)e *da.

Considering real and imaginary parts of A, we get:

(RO + ps Rg) +i3(N) (RO + ps) = iS(V)
(ROV) + 1s)” + S(N)?
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=S5 / B (a)z(a)e™ RN (cos(aS(N)) + isin(aS(N))) da
0
then identifying the real part, we obtain:

(R(A) + usRG)(R(A) + ps) + (V)

= (RO + 15)® + S(N) 57 /0 " B (@)m (@) cos(aS(A))da,
It follows that
0 < (g = DO + 1) = (RO) + s+ 307) (81 [ uta)mat@)e ™2 costa3()da - 1)
< () + s+ 3007) (2 1) <0

since R(A\) > 0. We deduce that s(A+ DEg,) <0 and E; is L.A.S.
. Similar arguments as for the latter point allow us to prove the result for Fs.
4. Suppose that RY = Rf > 1. Let « € [1,2]. Since the set of equilibria {E’, a € [1,2]} is compact, we can prove
that for every n > 0 there exists & € [1,2] \ {a} such that ||E% — EZ| x < n. Moreover, by definition of E¥,
we have

w

Jm {| 9 (E3) — Efflx = [|E5 — Eglle >0

hence E’ is not locally attractive, and therefore not L.A.S.

4. COMPACT ATTRACTOR AND BASINS OF ATTRACTION

4.1. Preliminaries

In the sequel, we will denote by O, = {®;(z),t > 0} the orbit starting from z € X} and

w(z) = ({2u(2),t > 7}

T>0

the w-limit set of z. We follow ([39], Sect. 3), to prove the existence of a compact attractor.

Lemma 4.1. For every z € Xy, the orbit O, C Xy is relatively compact, i.e. O, is compact.

Proof. Define the ball B, :={Z € X, ||Z||x < r} for any r > 0. From (2.4)—(2.6), we see that for every r > 0 and
every z € Xy N B,., we have

H (07<1>f’1,q>§"1) H < oreHol Vit >0,
X

Moreover we can prove that for any ¢ > 0, (®7, <I>f’2, Y ’2) maps bounded sets of &} into relatively compact sets
in X. Indeed, let M C X be a bounded subset of X, i.e. there exists r > 0 such that ||z||x < r for any z € M.
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First, we see that (IDtS (M) is relatively compact since it is finite dimensional. Moreover, from Theorem 2.2, we
deduce that for every t > 0, there exists a constant ¢(r) > 0 such that

oo o0
[Coromasse [T oL@ s
0 0
for any a € [0,t] and every z € M. Using (2.5)—(2.7), we deduce that
®72(2)(a) < 7llBelliece ™ X0y (@),  BF2(2)(a) < 7Byl e Xpr.00) (@)

for any (t,z) € Ry x M. Finally, the Fréchet-Kolmogorov theorem ensures that the sets ®7*(M) and &Y% (M)
are relatively compact. From ([48], Prop. 3.1.3 p. 100), we deduce that for every z € X, the orbit O,, is relatively
compact. 0

The latter compactness result of the orbits then leads to the existence of a compact attractor in the following
sense (see e.g. [20], Lem. 3.1.1 and 3.1.2, p. 36, or [47], Thm. 4.1, p. 167).

Lemma 4.2. For every z € X,

1. w(z) is non-empty, compact and connected;
2. w(z) is invariant under @, i.e. Py(w(2)) = w(z);
3. w(z) is an attractor, i.e. limy_, oo d(P4(2),w(z)) = 0.

We remind the following classical result and we give its proof for completeness.

Lemma 4.3. Let c € (0,00), k € (0,00) and u be the solution of the PDE:

ov(t,a) n 0v(t,a)
ot Oa
v(t, 0)

v(0,a) = wvo(a)

I
el
=
8
—
S
~
<
—
uC‘F
S
~
o
8

for every a € (0,¢) and every t > 0. Suppose that ug € L (0,c) \ {0} and that

k/o Bz(a)mz(a)da > 1

then

c

lim v(t,a)da = 0.
t—oo [

The same holds when replacing x by y.
Proof. Define the linear operator A : D(A) C L'(0,c) — L'(0,¢) by

Au = —u' — pyu

with

D(A) = {u € W0, ¢), u(0) = k;/o ,Bw(a)u(a)da}
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where WH1(0,¢) := {u € LY0,¢),u’ € L1(0, c)} is the Sobolev space. It is classical that A generates a positive
Co-semigroup {T'4(t) }1>0. Since [0, ] is compact, then A has a compact resolvent, and consequently the spectrum
of A is composed at most of isolated eigenvalues with finite algebraic multiplicity. This follows from the fact
that the canonical injection i : (D(A), || - | pcay = (L*(0,¢), || - [|22(0,¢)) is compact by the Rellich-Kondrachov
Theorem. Any eigenvalue of A has to satisfy:

u M+ ppu =0

where u € D(A). We hence get the following characteristic equation:

1= k/c Be(a)e 2w, (a)da
0

which is satisfied for some A > 0 by definition of €. Now we prove that (A — .A)~! is positivity improving for A
large enough, i.e. (A — A)"th(s) > 0 a.e. s € [0,¢] for any h € L1 (0,¢) \ {0}. Let v > 0, h € L1 (0,¢) \ {0} and
u= (A — A)"th. Then we have

W+ A+ ppu=h

with w € D(A), i.e.

u(a) = u(0)e= A Jo pals)ds o / h(s)e Ma=9)= I mEdE g,

=k </ B (s ds) e A5 pa(s)ds 4 / h(s e i Otpa(£)dE g

and for A > 0 large enough, we get

(1—k / Ba(a)e A, da) / By (a)u(a)da = / Ba(a / h(s)e J A tra(€)deq4qq,
0

We see that
C a o
/ Bx(a)/ h(s)e=Ma=s) =[S 1O qedq > 0
0 0

whence [ Bz (a)u(a)da > 0 and u(a) > 0 for every a € [0, c]. We deduce that (A —.A)~! is positivity improving.
Using ([7], p. 165), we deduce that {T4(t)};>0 is irreducible, i.e. for any ¢ € L1 (0,00) \ {0} and any ¢ €
L°(0,00) \ {0}, there exists ¢ > 0 such that (T'4(t)$,v) > 0, where (-,-) denotes the duality pairing between
L' and L. Since the semigroup is positive, we know that

wo({T'a(t)}e0) = s(A) > 0.
Moreover, since the spectrum of A is punctual, then
Wess ({Ta(t) }e>0) = —00.

Consequently {T4(¢)}+>o0 is both irreducible and has a spectral gap (i.e. wg > wess). On one hand we know that
s(A) is a simple pole of the resolvent of A, with geometric multiplicity equal to one (see e.g. [7], p. 224). On
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the other hand, consequently to ([7], Thm. 9.11. p. 224) we get

im He’s(““)tTA(t)f f Pf‘

t—o0

=0
L1(0,¢)

for every f € L'(0,c), where P is the projection on Ker(\ — A) along R(A — A), that is an operator of rank one
and positivity improving. Since vy € L% (0,¢) \ {0}, then we deduce that Pvy(a) > 0 for a.e. a € (0,¢) and that

limy_, oo e 5 = 0. Thus we obtain

(&

lim Ta(t)vo(a)da = lim v(t,a)da = 0.

t—o0 0 t—o0 0

4.2. Basins of attraction

We now give some results about the attractive sets, depending on the initial condition as well as the thresholds
RE and Rj.

Proposition 4.4. Suppose that Assumptions 1.1 holds, then:

1. the sets 0S, and S, are positively invariant, i.e. ®,(0S;) C 0SS, and ®,(9S,) C IS, YVt > 0. Moreover,
for every z := (z0,Y0, 20) € OS, (respectively z € 0S,), then

127 ()21 @) < lollzr ey ye ™", (vesp. [9F ()l ey) < Ivollzr yre ™) (4.1)

for every t > 0;
2. the equilibrium Ey is globally exponentially stable for ®, restricted to 0S; N IS, ;
3. there exists ¢ > 0 such that for every z € Xy we have:

.. S
> .
htn_l)g}f D7 (2) > ¢

4. for every z € S (resp. z € Sy), there exists T > 0 such that

/ T B (@0 () (a)da >0 (resp. / 8, (@)®Y(2)(a)da > 0)
0 0

for every t > 7. Moreover, the sets S, and S, are asymptotically positively invariant, i.e. for every z € S,
(resp. z € Sy), there exists T > 0 such that ®,(z) € Sy (resp. ®(z) € Sy) for every t > 7.

5. Let z € 0S,, then ||®F (2)| L1(0,00) < € M| RF(2) | L1 (0,00) for every t > 0. Moreover, there hold:
(a) if R§ > 1 and z € S, then w(z) C 88, NS, and lim;_, ||P¢(2) — Ea||x = 0;
(b) if R <1 then limy_o || P1(2) — Eollx = 0.

6. Let z € 3S,, then ||®Y(2)]|11(0,00) < €MD (2) || L1 (0,00) for every t > 0. Moreover, there hold:
(a) if R > 1 and z € S, then w(z) C S, N IS, and lim;_ || P:(2) — Ei||lx = 0;

7. Let z € Xy :
(a) if Ry <1, then w(z) C 0S; and lim;_ o0 [|PF(2) | £1(0,00) = 05
(b) if Rj <1, then w(z) C Sy and limy_,o ||®7(2)||L1(0,00) = O;

8. Let z€ S; NSy:
(a) if max{RE, R§} > 1, then w(z) C S, USy;
(b) if RE > max{1, Ry}, then w(z) C S;;
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(¢c) if R§ > max{1, R¥}, then w(z) C S,.
Proof.

1. Let z € 8S,. We remind that the component in z of the semiflow rewrites as ®*(z)(a) = ®!(2)(a) +
®7?(2)(a), where ®7'(z) and ®7"?(z) are respectively defined in (2.4) and (2.5). We see that

/0 * 4 (2)(a)da < /0 " ala)a = 0

for every ¢t > 0, which implies

/ Ba(@)d (D@ da= [ Ba(a)@E (2)(a)da < [|Ball = / 71 (2)(a)da = 0
0 0

0

for every ¢ > 0. Hence we deduce that the function F(t) = [° B2(a)®7(z)(a)da satisfies

F(t) < |8l / F(t - )35 ,(2)da.

Then a Gronwall argument states that F(t) = 0 for every ¢ > 0 and we deduce from (2.5) that ®¥%(z)(a) = 0
for every t > 0 and every a > 0. Consequently we get

/Oﬂz@f(z)(a)da:/Oﬁztpf’l(z)(a)daJr/Om@f72(z)(a)da:0

for every t > 0, thus 0S8, is positively invariant. Moreover, we can deduce that

s 5
/ &7 (2)(a)da = / B2 () (a)da < e~ |xo | 11z, )
0 0

for every ¢ > 0 by using (2.4) and Assumption 1.1. Similar arguments would prove on one hand that S, is
positively invariant, and on the other hand that (4.1) holds for every z := (zg, %o, 20) € 0S, and every t > 0
by using (2.7) and Assumption 1.1.

2. Let z := (20, Yo, 20) € 0S; N OS,. Using the first point, we have

/ Bz(a)®f (2)(a)da = 0, / By(a)®{(z)(a)da =0
0 0
for every t > 0. Consequently, from problem (1.1) we get

A
P} (2) = Spe Ms' + £(1 — e Hsh)

for every t > 0. Using (4.1), we deduce
124(2) = Eollx < e (IS0 — S5l + llwollzr ) + [vollzr ) = 7" 12 = Eollx

which proves the second point.
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3. Let z € Xy and let (S,z,y) € C(R4, Xy) the solution of (1.1). By Theorem 2.2, we know that there exists
k > 0 (independent of z) such that

limsup/ Bz(a)x(t,a)da < k, limsup/ By(a)y(t,a)da < k.

t—o00 t—o0

Injecting the latter equation into (1.1) implies that for every £ > 0, there exists ¢y > 0 such that
S'(t) = A — usS(t) — 25(t)(k + <)

for every t > tg, whence

A
hm inf S(t —— >0
whence the third point. o
4. Let z € S;, then there exists 0 < b; < by < 3, such that
ba
/ zo(a)da > 0.
b1

By Assumption 1.1, we may find ¢ € (3;,00) such that 5,(a) > 0 a.e. a € [B;,c). Let tg = ¢ — by, then using
(2.4), we see that

/ 7 (2)(a)da > e tolluallzee / zo(a — ) X[t,00) (a)da

ba
> e~ tolluzllneo / zo(a)da >0
by

Since B, > 0 a.e. on [B,,c] and ®f () > 0 for every ¢ > 0 due to Theorem 2.2, then we get
o7 (2)(0) >0
by using (2.5). By continuity arguments, there exists ¢; > to such that
o7 (2)(0) > 0, Yt € [to,t1).

Let Ay =11 —tp >0 and let 0 <& << ¢ — B, then we see that

/ (I)tzo-i-?( )(a)da’ 2 675HHI”LW / q)fu—i-s—a(z)(o)X[O,to—l-s] (a)da >0

for any s € [B; +¢,t1 — to + ¢ — ). Consequently we have
®¥(2)(0) > 0, Vt € [to+ B +&,t1 +c—¢].
Similarly we can prove that

Y (2)(0) > 0, Ve [to+n(Bs+e),t1+n(c—e)]
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for any n € N. Since n(c — f, — 26) —— oo, we deduce that there exists ¢* > 0 such that

n—roo
o7 (2)(0) > 0, YVt e [t*,t" +¢].

Let 0 <e <cand t =t* 4 c+ ¢, then we get

B (2)(0) > 25 (2) ;_E B (@)D}, (2)(0)da > 0.

Hence we deduce that
DY (2)(0) > 0, Vit e [t",t* + 2(]

then repeating this argument we obtain
(o)
/ Bz(a)®¥(2)(a)da = DF(2)(0) > 0, Vi > t".
0

Finally, we obtain

B _ Bz
/ D% (2)(a)da > e Pellnellzee / o7 . (2)(0)da >0
0 0

for every t > t*, so that S, is asymptotically positively invariant. The same arguments would prove the result
for y.

Let z := (Sp, 0, Y0) € 0S,; and (S, z,y) € C(Ry, X4 ) be the solution of (1.1). Since JS,; is positively invariant
by the first point, then w(z) C dS,.. Consequently we have

o0
/ Bz(a)z(t,a)da =0
0
for every t > 0 and from (2.4)—(2.5) we get

197 ()2 0.00) < ll20ll L1 (0,006 7 0-

We deduce that (S,y) satisfies (1.2). If R§ > 1 and z € S, then from Proposition 1.2 we obtain
Jim [ @(2) = Ballx < lim ([|(9F(2), ®¥(2)) = (55,955 11 (0.0) + 12 (N ir0,00) ) = 0
whence w(z) C S,. If R <1, we deduce from Proposition 1.2 that
Jim [@0(2) — Eollae < lim ([[(@F (2. 80) — (55.0) [, 12 ) + 19 13 00)) = 0.

The latter arguments would prove the case z € 9S,,.
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7. Let z € Xy: (a) Suppose that R < 1. A simple upper bound on (1.1) leads to

St < A—psS(t) — () 52 fula)alt,a)da,
et 0L a)e(ta),

z(t,0) = S(t) [, Bula)z(t,a)da.

since ®Y(z)(a) > 0 a.e. a > 0. From Proposition 1.2, we obtain

. * _
Tim [ ()5ce,) = 0
since RY < 1, whence w(z) C 9S,.
(b) The same argument proves the result when Rf < 1.
8. Let z € S, NS,: (a) Suppose that max{Rf, R§} > 1. Without loss of generality, we can suppose that Rf > 1.
By continuity arguments, there exists 8, < ¢ < oo such that

A J5 By(a)my(a)da
Hs

>1

and there exists € > 0 small enough such that

A [§ By(a)my(a)da
ps +e(l|Bellzoe + 1IByllLe-)

> 1. (4.2)

Let M. :={2€ 8, NSy, ||z — Eo|lx < e}. We first prove that for every z € M., there exists #(z) such that
[®7(2) — Eollx > € (4.3)

holds. By contradiction, suppose that there exists z := (So, o, yo) € Sz NS, such that
|®:(2) — Eollx <&, vt > 0. (4.4)

We know by Proposition 4.4 4 that there exists 7 > 0 such that ®,(z) € S; NS, for every t > 7. Thus, a
Gronwall argument leads to

S(t) > A

= , vt > 0.
ps +e([1Byllne + 1Bzl L)

Now, we denote for convenience y(t,a) = ®Y(z)(a), and we deduce from (1.1) that y satisfies the following
system:

Oy(t,a) N Ay(t,a)

at aa = _My(a)y(t7a)7
y(t,0) A / ’ B, (a)y(t,a)da,
s + € ([|BallL= + [ByllL=) Jo

y(r,a) = @%(z)(a)
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for a.e. a € [0, ¢] and every ¢t > 7. We then have y(t,a) > §(t, a) where g is the solution of the latter system,
with an equality instead. We see that ®¥(z) € S,, by Proposition 4.4 4 so that the function

(0,) 5 a — (=) (a)

belongs to L% (0,¢) \ {0} since ¢ > j,. Since (4.2) holds, we deduce from Lemma 4.3 that

c

lim y(t,a)da > lim/ g(t,a)da = oo
t—o00 0

t—o0 0
which contradicts (4.4), whence (4.3) is proved. Therefore we obtain
{z€ &N Sy,tlim D,(z2) = Eo} = 0. (4.5)

Now, consider z € S; NSy, and suppose by contradiction that there exists w € w(z) N dS, N dS,. The
invariance of w(z) (due to Lem. 4.2) then gives w(w) = w(z) and so

d(w(z), Ep) < d(w(w), P¢(w)) + d(Pe(w), Ep), vt > 0.

A consequence of Lemma 4.2 and Proposition 4.4 2, is that d(w(z), Ey) = 0 and so {Fy} C w(z) which
contradicts (4.5), whence w(z) C S, US, for any z € S, NS,

(b) Suppose that R > max{1, Ry }. First suppose that R§ < 1, then using Proposition 4.4 8(a) and 7(b), we
deduce that w(z) C (S, US,)NIS, =S, NS, C S,. Now suppose that RF > R§ > 1. We see that r, > r,,
so we can consider ¢ > 0 small enough such that r;(1/r, —¢) > 1. We then define the set

Me = {(S0,70,90) € S NSy, |zollLr(r,) < €}
and we aim to prove that for every z € M., there exists (z) such that
195 ()|t (my) > € (4.6)
By contradiction, suppose that there exists z := (Sp, zo, yo) such that
195 (2)ll21(ry) <€, vt > 0. (4.7)

Denoting (®7(z), ®¥(2), ®{(2)) = (S, z,y) for notational simplicity, we deduce from (1.1) that S satisfies the
following inequalities

S0 < A= psS) - 50) [ Afat.a)da
and

S'(t) = A= (us + €| Ball L) S(t) = S(2) /OOO By(a)y(t, a)da.
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Consider the following models

S'(t) = A= psS(t) — (1) [ Bula)at, a)da,

WD) WD (. a),

y(t,0) S(t) fooo By(a)y(t, a)da

and

S'(t) = A~ (us+elBollL=)S(t) = S(t) [5~ Bula)z(t, a)da,

W) O (aita),

y(t,0) = S(t) 5" Byla)y(t,a)da

then using Proposition 1.2, we deduce that

1
S(t) —— —
t—o0 ry

where 7, is defined in Section 1. Consequently, there exists t > 0 such that for every t > ¢, we have

From (1.1), we deduce that = satisfies:

ox(t,a) N 0x(t,a)

= —pug(a)x(t,a),

ot da ]
x(t,0) (le — €> ; By(a)y(t, a)da,
z(t,a) = o2 (2)

for every a € [0, c] and every t > t. We then have x(t,a) > #(t, a) where & is the solution of the latter system,
with an equality instead of the inequality, for every ¢ > 7 and a.e. a € [0, ¢]. We see that the function

(0,¢) 3 ar— ®7(2)(a)

belongs to L (0, ¢) \ {0} since ®;(z) € S, from Proposition 4.4 4. Since (4.8) holds, we deduce by Lemma 4.3
that

C c

lim z(t,a)da > lim Z(t,a)da = oo
t—oo Jg t—oo [
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which contradicts (4.7), hence (4.6) holds. We deduce that
{z €8N8y : lim [0 (2) | 1r¢e, ) = o} — 0. (4.9)
Let z € S, NS, and suppose that there exists w € w(z) N IS, then
d(w(z), E2) < d(w(w), P¢(w)) + d(P¢(w), E2) =0

by Lemma 4.2 and Proposition 4.4 5(a), whence {F2} C w(z) which contradicts (4.9). Consequently we have
w(z) C S, for any z € S; NS,,.
(c) The latter argument proves that whenever Rfj > max{1, R} }, then w(z) C S, for any z € S, N S,,.

O

Remark 4.5. We can note that to prove the item 4 of the latter proposition, we may not need to assume the
item 2 of Assumption 1.1: namely the existence of 3, and f3,. Indeed, we can make use of irreducible operators
to prove the statement, as in ([31], Lem. 5.1). However we still make the assumption, since the sketch of proof

would be tedious and not add much to the result.
5. GLOBAL ANALYSIS

In this section, we aim to prove that the equilibria defined in Section 1, satisfy a global stability property.
To this end, we use Lyapunov functionals.

5.1. Lyapunov functionals
We define

Ly:z— Sig <5) + /OOO U, (a)z(a)da + /OOo U, (a)y3(a)g (yi(((;))) da

for any z = (S, z,y) € X, where ¥, € LY(0,00) and ¥, € L5°(0,00) are defined by

1 [ s 1 [ s
T Ja Y a

for every a > 0, and we remind that the other parameters are defined in Section 1. We first start with a
well-posedness result:

Proposition 5.1.

1. The function (t,z) — Lo(®:(2)) is well-defined on R x (R* x L1 (0,00) x L% (0,00));
2. for every z € S, the function (t,v) — L, (P:(v)) is well-defined on Ry x w(z) whenever RE > max{1, R}};
3. for every z € S, the function (t,v) — L, (®:(v)) is well-defined on Ry x w(z) whenever Ry > max{1, R}};
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4. let z € S, NS, and suppose that R = Ry > 1. If w(z) C S,, then the function (t,v) — Ly(P¢(v)) is
well-defined on Ry x w(z), if w(z) C Sy, then the function (t,v) — Ly, (®:(v)) is well-defined on Ry x w(z).

Proof.

1.

2.

By Theorem 2.2, we know that the semiflow ®; is positive, and that ®; > 0 for every ¢ > 0, so it proves the
first point.

Suppose that Rf > max{1, Rf} and let z € S,. Either z € dS,, so from Proposition 4.4 6(a), we deduce that
w(z) C 8 NASy, or z € Sy and we deduce from Proposition 4.4 8(b) that w(z) C S,. Moreover, Proposition

4.4 3 ensures us that
7 (v)
S* t
v < S )

is well-defined for every ¢ > 0 and every v € w(z). We now prove that there exists a positive constant ¢(z) > 0,
such that

@7 (v)(a)

0 < aifa (TL) < 0@ 6.)

for every a > 0, t > 0 and v € w(z). Following ([39], Prop. 2), we note that the definition of the function g
(in (1.3)), implies that the following inequality holds:

In(r) <r-—1, Vr > 0.

Let t > 0 and v € w(z), then we deduce that the middle term of (5.1) is given by

sits () =it (T 40 () )

Thus, to prove (5.1), it suffices to prove that there exists a constant ¢(z), such that

wi@) Vo .
(@mxa) 1) sela), Vazl (5:2)

for every t > 0 and every v € w(z). From Proposition 4.4 4, we know that there exists 7 > 0 such that

/000 Bz (a)®f (v)(a)da > 0

for every t > 7 and every v € w(z). Let v = (v°,v%,v¥) € w(z). The invariance of w(z) under the semiflow
implies that for every ¢ > 7, there exists u € w(z) such that

v = @g(u) .
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We deduce that
/ B (a)v”(a)da = / Be(a)®F (u)(a)da > 0.
0 0

Since w(z) is compact (by Lem. 4.2), then a continuity argument ensures us with the existence of a constant
¢(z) (independent of v) such that

/OO Bz(a)v”®(a)da > ¢(z)
0
for any v € w(z). Since ®4(w(z)) C w(z) for all ¢ > 0, then we get
/000 Bz (a)®7 (v)(a)da > ¢(z), Vt>0, Yvecw(z). (5.3)

Suppose that (t,a) € (Ry)? such that ¢ > a. From (2.5), (5.3) and Proposition 4.4 3, we know that there
exist two constants § > 0 and ¢(z) > 0 such that

@} (v)(a) = d¢(z)mz(a)
for every v € w(z). By definition of =7 (see Sect. 1), we see that

D (0)(a) . de()r,
ri(a) = ns(B — 1)

=:k(z) >0 (5.4)

for every v € w(z), and consequently

zi@) ) 1 2
<¢>%(v)(a) 1) ke e <

which proves (5.2) for any v € w(z) and every (¢,a) € (Ry)? such that ¢t > a. Now, suppose that a > t. Since
w(z) C 8, is invariant under the semiflow, then using ([42], p. 26), we deduce that for any v € w(z), there
exists a full orbit & — u,(£), for every £ € R, passing through v, i.e. satisfying:

uvgfg €w(z), VEER,
Uy (0) = v,
De(uy(s)) = up(€+5), V(€ 5) ERy xR,

It then suffices to consider s € R, such that ¢ + s > a. Since u,(—s) € w(z), we deduce from (5.4) that

i (a) 1 (a) 7 (a) 1

O (v)(a) ~ OF(u(0)(a) B (un(=9))(0) = %)

which proves (5.2) for any v € w(z) and every (¢,a) € (R1)? such that a > t. We have then proved that (5.2)
(and consequently (5.1)) holds for every (¢,a,v) € Ry X Ry X w(z). Finally, the integrability on R of the
functions

a— U, (a)PF (u)(a), Y(t,u) € Ry xw(z)
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and
ar— Uy(a)®](u)(a), V(t,u) € Ry x w(z)
imply (by using (5.1)) that (t,v) — L, (®¢(v)) is well-defined on Ry X w(z) for every z € S,.

3. Suppose that R§ > max{1, R} and let z € S,. Either z € 9S,, so we see that w(z) C S, NS, by using
Proposition 4.4 5(a), or z € S, and we deduce from Proposition 4.4 8(c) that w(z) C S,. Using Proposition

4.4 3, we see that
@7 (v)
S* t
2 < S5 )

is well-defined for every ¢t > 0 and every v € w(z). Similar computations as for proving (5.1) imply that there
exists a positive constant ¢(z) > 0 such that

o (v)(a)

OSQWM( ()

) < ()0} (v)(a)

for every @ > 0,t > 0 and v € w(z). Finally we prove as above that the function (t,v) — L, (®:(v)) is
well-defined on Ry x w(z) for every z € S,,.

4. Suppose now that Rf = R§ > 1. From Proposition 4.4 8(a), we know that w(z) C S; US,. Consequently,
either w(z) C S, and we use the first point, to prove that the function (¢,v) — L, (®:(v)) is well-defined
on Ry X w(z), or w(z) C S, and we use the second point, to prove that the function (¢,v) — L, (®.(v)) is
well-defined on Ry x w(z).

O

We remind the following definition:
Definition 5.2. Let S C X. A function L : X — R is called a Lyapunov function if there hold that:

— L is continuous on S (the closure of S in X);
— the function Ry > ¢ — L(®,(2)) is non-increasing for every z € S.

We now show that Lo, L, and L, are Lyapunov functionals.
Proposition 5.3. The following hold:

1. if max{RE, R} <1, then Ly is a Lyapunov function on R* x L1 (0,00) x L (0,00). Moreover, if Rf <1
(resp. Ry < 1), then Lg is a Lyapunov function on (R* x L} (0,00) x L} (0,00)) NS, (resp. on (R* x
L% (0,00) x LY (0,00)) N 9S,);

2. if R > max{1, R§} then L, is a Lyapunov function on w(z) for every z € Sy;
if RY > max{1, Rt} then L, is a Lyapunov function on w(z) for every z € Sy;

4. if R = Ry > 1, then L, is a Lyapunov function on w(z) for every z € S, NS, such that w(z) C S,.
Moreover, L, is a Lyapunov function on w(z) for every z € Sy NSy such that w(z) C Sy.

Proof.

1. (a) Suppose that max{Rg, R§} <1 and let z € R* x L1 (0,00) x L! (0,00). By Proposition 5.1 1, we know
that Lo(®:(z)) is well-defined for every ¢ > 0 and L is continuous. We denote by (S, z,y) the solution of
(1.1). We now proceed in the differentiation of Lo w.r.t. t along (1.1). First, we see that

o

OLo((P:(v)))
ot
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:(1 ;;%)S’(t)—i-/ow v, ()2 gt ) g +/Oolfy(a)ayg£a)da

:_(A_MSS(t))Q—(l— )( /BI z(t,a)da + S(t /ﬁy )da)

psS(t)
- %(@(améi;a)wm(a)x(, o) do~ [T w0 (22D 4 @it

We note that

so after integrations by parts, we get

[ (Z5 4 @) da=50) [ satalattaa- = [Tt
| we) (e @t} da = s0) [ gt = [T g @nteaie 69

Consequently, we obtain:

am(f;t(v»):_m;g;é;t» (R””—l)/ B(a tada+(

and

) [ ot <o

(5.7)
for any ¢ > 0. Consequently, Ly is a Lyapunov function on R* x L} (0,00) x L1 (0,00) whenever
max{R%, Rj} < 1.

(b) Suppose that Rf < 1 and let z € (R* x L (0,00) x L} (0,00)) N 8S,. Then Lo(®P;(z)) is well-defined for
every ¢t > 0, from Proposition 5.1 1, and is continuous. Since 9S, is positively invariant by Proposition 4.4

1, it follows that
| Bu@wtt.apa=o
0

for any ¢ > 0. Consequently, we deduce from (5.7) that

ot T usS()

da <0

OLo(®,(v))) _ (A~ psS(1))? (R“l) / Bala

for any ¢ > 0, whence Lo is a Lyapunov function on (R* x L} (0,00) x L% (0,00)) NS, whenever Rf < 1.
(c) In the case Ry < 1, from (5.7) and the fact that 8S, is positively invariant by Proposition 4.4 1, we
deduce that

OLo(2:(v)) _  (A—psSW®)*  (RE—1\ [
ot - 1155 (1) +< Ory )/0 By(a)y(t,a)da <0

for any ¢ > 0 and every z € (R* x LY (0,00) x L% (0,00)) N 8S,, so Ly is a Lyapunov function.
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2. Suppose that R > max{1, R§} and let z € S,. Then L, is well-defined on w(z) from Proposition 5.1 1, and
is clearly continuous. Let v € w(z), then

O(Ly(P4(v)))
ot

- (1 - 55;1;)) S'(t) + /OOO U, (a) (1 - ;E;‘%) 8:8((92; ) da + AOO U, (t, a)%da.

Now, we compute each term. The fact that

A=psS{+57 | Au(ai(@)da
0

leads to

(1-s5) 50
:—%(S(t)—Sf)Q—F (1— S )(s/ B.(a)7" (a)da — S / B.(a
ﬂ@Aw@mw@@m). (5.8)

Now, we compute the second term:

/O "0 (a) <1 _ ;(th‘;))) %gt’ ) qa = — /O "0 (a) <1 - ;(th‘;))) (69522’ Jin ﬂx(a)z(t,a)) da.

We remark that
11— —= % + — *i i
x oa M) T T qe? x]

since (27) = —ppa}. Thus, after an integration by parts we obtain:
[0 - 5) 20— o (2480 [ (22
since W, (00) = 0. Using (5.5) and the fact that 27(0) = St [ Bz(a)z}(a)da imply that
/0 " 0,(a) <1 - ;”(Tt(";) ) ou gt D dq
—Sig (S;? ff;: 5:;5));(&? ia> / Be(@)zf(a)da — 5 / Bula)zi(a (i“g;) da
[ st () o

—s*/ Ba(a)2 (a da—Sl/ Ba(a <ta)—x1(t o) In (z(;(’;)))—x’{(a))da (5.9)
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since S} = 1/r,. After an integration by parts, we see that the third term reads as

- a ay(t a) a = - a a)da — i - a a)da
| v@™aa=s0) [ sut.ada- = [ g @t (510)

by using (5.6). Now, adding (5.8) and (5.9), we see that:

(1) S0+ [ vt (1 7555 ) 25 e
:_%(5() S7)2 —Sl / Bu(a)zt(a da+51/ Bu(a xl(ta)<ln<z(;£5))>+1>da

S ( Iy Be(a tada)/ B (@)t (1_> / fu(a

SiJo Pela
st i <>—m<siz)>—1>—m(izif{&éz;i;fzizz)]da

< ) /f)g, y(t, a)d a—u—S(S 5*1)2.

We remark that
o(ta) J;° ﬁz(S)w’{(S)ds> y
)

/0 ﬁw(a)lﬁ{(a) In (iC’{ (a) fooo 6I(3)$(t7 s)ds

(t.a) fy Ba(s)zi(s

_ ~ a)x;(a o0 o
/0 ﬁz( ) 1( )g ((ET(G) fooo Bm(s)x(t,s)d«S)

and we deduce that

(1 - i}) S'(t) + /OO Va(a) (1 - x(*t,a)
g rn )RR

e

0) and (5.11), and recalling that ST = 1/r,, we obtain:

(5.11)

Now, adding (5.1

0
o (La(@(2))

=t [ it Il (SS(1t>> o <x(t$)f{£° /ﬁs)xé,( §d> "
( - ) / By(a tada+5/ By(a ta)da—rly/ooo,@y(a)y(t-,

-ty [“aiono|o(55) o (SR |
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/ By(a { - Tz] da <0 (5.12)

for any t > 0 since ¢ is a non-negative function and the fact that

1 1
x y

Consequently L, is a Lyapunov function on w(z) for every z € S, when R} > max{1, Rj}.
. Suppose that Rf > max{1, R}} and let z € S,. Then L, is well-defined on w(z) from Proposition 5.1 2, and
is clearly continuous. Let v € w(z). After similar computations as above, a differentiation of L, w.r.t. ¢t along

(1.1) gives:

0
S (Ly(@(2))

—— s [ Alanio

S z(t,a) o~ By(s)ys(s)ds | |
g(S(t)> +g<y§ (a) [y~ By(s)y(t, s)ds ﬂ ’

— /ODQ Ba(a)z(t, a) {1 — 1} da <0 (5.13)

Ty Ty

for any ¢ > 0. We deduce that L, is a Lyapunov function on w(z) for every z € S, whenever Rjj > max{1, R} }.
. Now, suppose that Rf = Rjj > 1 and let z € S, N'S,. We know by Proposition 4.4 8(a) that w(z) C S; US,.
If w(z) C S, then using Proposition 5.1 3, we know that the function L, is well-defined on w(z) and is
continuous. Let v € w(z). From (5.12) we see that

0
= (La(@(2))

__,UfiS o Q*\2 _ Q* > am*a Sik ( fo 5938)%’{(8)8 a
- S(t)(S(t) ST) 51/0 5m()1()[g<s(t)>+g<,{ YN )x(t,s)dsﬂd <0 (5.14)

for any ¢ > 0 since R} = RY <= r, = ry. Thus L, is a Lyapunov function on w(z) for every z € S, NS,
such that w(z) C S,. Similarly, if w(z) C Sy, we know by Proposition 5.1 3 that L, is well-defined on w(z)
and is continuous. Let v € w(z). From (5.13) we deduce that

0
= (Ly(@(2))

__Mis _Q*\2 _ Q* > a*a S; taf() /898)5()5 a
- S(t)(S(t) S3) 32/0 By( )w()[g(s(t))g( V@) 1By ()t 9 >1d <0 (5.15)

for any ¢ > 0. Thus L, is a Lyapunov function on w(z) for every z € S; NS, such that w(z) C S,,.

5.2. Attractiveness

Using the Lyapunov functionals defined above, we can compute the basin of attraction of each equilibrium,

by means of the Lasalle invariance principle (see e.g. [37], Cor. 2.3).
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Theorem 5.4. The following hold:

if max{R%, R§} < 1 then Ey is globally attractive in Xy ;
if RY > max{1, R} then Ey is globally attractive in S,;
if RY > max{1, R%} then E5 is globally attractive in Sy;
4. if R = R§ > 1, then {E},a € [1,2]} is globally attractive in Sy NS,.

Proof.

1. Suppose that max{R7, Rj} < 1 and let z € X;. By Proposition 4.4 7(a) and 7(b) we have w(z) C 45, N IS,
and limy o0 [[(2F, @Y)|| 21 (0,00)x L1 (0,00) = 0. Using (1.1) we deduce that Ey is globally attractive in X

2. Suppose that RF > max{1, Rj}. We use the Lasalle invariance principle to prove the global attractiveness
of By in S,. Let z € S,. From Proposition 4.4 6(a) and 8(b) we deduce that w(z) C S,. Consequently to
Proposition 5.1 2, for every v € w(z), the function ¢t — L,(®P(v)) is constant. A differentiation w.r.t. ¢
implies that

oo~

d

&Lx(q)t(v)) =0
for any t > 0. From (5.12), we deduce that ®7(v) = S and ®}(v) = 0 for any ¢ > 0. It follows from (1.1)
that v = {E}}, whence w(z) C {F1} and E; is globally attractive in S,.

3. Suppose that R > max{1l, RF}. Let z € S,. We know by Proposition 4.4 5(a) and 8(c) that w(z) C S,
and by Proposition 5.3 2, that L, is a Lyapunov function on w(z). From (1.1) and (5.13), we deduce that
v ={Fs}, so that w(z) C {E>}.

4. Suppose that RE = Rj > 1. By Proposition 4.4 8(a) we know that w(z) C S, US,. Suppose first that
w(z) C S,. Using Proposition 5.3 3, we know that L, is a Lyapunov function on w(z). As above, the Lasalle
invariance principle implies that ¢t — L, (®;(v)) is constant for every v € w(z). Using (5.14), we obtain:

z(t fo Bz (s)x7(s)ds
fo B(s)x(t, s)ds

for every t > 0 and every a > 0. We deduce that v € {EX*, a € [1,2]}, whence w(z) C {E},a € [1,2]}.
Similarly, if w(z) C Sy, then using the Lyapunov function L, on w(z) and the Lasalle invariance principle,
we know that ¢ — L, (®¢(v)) is constant for every v € w(z). Using (5.15), we obtain:

S(t) = S, =1

11 y(t,a) [° By(s)ys(s)ds

=1
Ty Tg Y5 ( fo By(s)y(t,s)ds

for every ¢ > 0 and every a > 0. We deduce that v € {E, a € [1,2]}, whence w(z) C {EX, a € [1,2]} and
this latter set is globally attractive in S, N'S,.

O

Remark 5.5. We can note that the first point could also be proved by using the Lyapunov functional Ly.

5.3. Lyapunov stability
In this section, we handle the stability of Ey in the cases where the principle of linearisation (Prop. 3.3) fails.
Proposition 5.6. There hold that:

1. if max{R%, Ry} =1, then Ey is stable (in Xy);
2. if R§ <1, then Ey is stable in 0S,;
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3. if Ry <1, then Ey is stable in 0S,.

To prove this result, we need to define the following sets:
L :={z € R x L}(0,00) x L} (0,00) : Ly(z) < n}
and
B(Eo,n) :=={z € Xy : ||z = Eollx <n}

for any 1 > 0, and we give two lemmas (see e.g. [17], Proof of Thm. 1.2 and [41], Prop. 3.12).
Lemma 5.7. For every € > 0, there exists n > 0 such that B(Eg,n) C L§.
Proof. Let e >0, n >0 and (S¢,z,y]) € B(Eo,n). We then have:

|Sg - S(>)k| <n, ||1'g||L1(0700) <, ||yg||L1(0700) <n
whence
lim 57 = 55, Jim 12521 0.00) = 0 Jim [155]110.00) = 0.

Moreover, for 7 > 0 small enough, we have SJ > 0, so that (S§,z{,yq) € Ri x L1 (0,00) x L (0,00).
Consequently we get

| wa@wi(@da < [0 ol 000) 7O
0

and

/O ¥, (@)a(a)da < [Ty o 000 [50] £1 (0.00) —— 0.

n—o0

We deduce that for n > 0 small enough, we have Lo (S, z{,yl) < e. O
Since ¥,(0) =1 and ¥, (0) = 1, we can find ¢, > 0 such that

U:= min {¥,(a),¥y(a)} >0.

a€0,cy]

Lemma 5.8. For every ¢ > 0, there exists 1 > 0 such that for any (So,zo,vo) € L, we have
Cp Cw
IS0 — S5l < e, / zo(a)da < ¢, / yo(a)da < e. (5.16)
0 0

Proof. Let £ > 0,7 >0 and z := (S{,z0,y) € L. We see that

. (ST > . = c
sog(sg)gn, | v@ms@aa<a [ v @ug@de <o
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We deduce that

Cy 1 Cy ,'7 Cw 1 Cy ,'7

/ zd(a)da < —/ U, (a)zd(a)da < —, / yo(a)da < —/ U, (a)y](a)da < —

0 ¥ /o v 0 ¥ Jo v

and consequently we have
Cw Cy
. e oF| _ . n _ . n _
71113% [S§ — Sg| =0, 71713% ; zg(a)da =0, 7%13%) ; yg(a)da =0

which ends the proof. O

Proof of Proposition 5.6. Let § > 0 and € > 0. From Lemma 5.8, there exists n > 0 such that for every
(S0, 0, y0) € Lg, then (5.16) holds. Moreover, from Lemma 5.7, we know that there exists v > 0 such that
B(Ey,v) C LJ. We can suppose without loss of generality that v < e.

1. Suppose that max{R%, Rj} = 1. Let z := (So,x0,y0) € B(Ep,v). Then z € L{ and (5.16) holds. From
Proposition 5.1 1, we know that the function ¢ — Lo(®;(z)) is non-increasing. Consequently, the set L{ is
positively invariant and ®;(z) € L{ for every ¢ > 0. From Lemma 5.8, we obtain:

|7 (2) = S5

< / 2 ()(a)da < ¢, / BY(:)(a)da <&, V>0,
0 0
Let ¢ > 0. Using (2.4) we get:
t )
19 )0 = | FEC)a)a+ [ 970

Nt (n+1)cw .
<> [ et @dat ol e

n=0 v ncw

C
< Z/ 7. (2)(a)e v da + pe Mot
n=0"0
N, .
- —pot
S EZO(G IU‘UC\II)n + = " S ]. — g Hocw + <
n=

where N; = [é] is the integer part of é Likewise, we get

€
19 ()1 0,00) € T mer T &
It follows that
2e
[@:(=) = Eolla < 35 4+ T——

for every t > 0. Finally, considering € > 0 such that

2¢e

e+ ——— <
1 — e #ocw

proves the stability of Ej.
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2. Suppose that R§ > 1. Let z := (So, xo, yo) € B(Ep,v) N IS,. The former arguments and the fact that the
function ¢ — Lo(®¢(z)) is non-increasing imply that Ey is stable in S, whenever Rj > 1.

3. It follows from the last point and interchanging the index = and y.

O

While the stability of Ej in the critical cases are handled in the latter proposition, the question of the stability

of the set {E%,« € [1,2]} when RY = R > 1 is open. The use of Lyapunov functional in the latter proof will
raise some problems due to the fact that L, and L, are not defined in A.

5.4. Global asymptotic stability

We are ready to give the main result of the paper:

Theorem 5.9. The following hold:

1. By is G.A.S. in 08, N OSy. Moreover, it is also G.A.S. in
(a) X4 if max{R%, Ry} < 1;
(b) 08, if Rf < 1;
(c) 0S, if Ry < 1.
(a) Sy if RE > max{1l, R§};
(b) Sz NOS, if R§ > 1;
3. Ey is G.A.S. in:
(a) S, if Ry > max{1, R¥};
(b) 98, NS, if R§ > 1;
4. if R = Ry > 1, then {E}, a € [1,2]} is globally attractive in Sy NS,.

Proof.

1. The fact that Ep is G.A.S. in 0S5, N 9S, follows from Proposition 4.4 2.
(a) Suppose that max{R%, Rj} < 1. From Proposition 5.4 1, we know that Ej is globally attractive in X.
Using Proposition 3.3 1 and Proposition 5.6, we deduce that Ey is Lyapunov stable, whence the global
asymptotic stability in A7 .
(b) Suppose that Rf < 1. It follows from Proposition 4.4 6(b) that Ey is globally attractive in 9S,, and
from Proposition 5.6 that Ey is stable in 0S,,.
(c) When R§ < 1, the result follows from Proposition 4.4 5(b) and Proposition 5.6.

. (a) Suppose that R¥ > max{1, R§}. The stability of F; follows from Proposition 3.3 2, while the global
attractiveness in S, comes from Theorem 5.4 2.
(b) Suppose that R > 1. We know by Proposition 4.4 6(a) that E; is globally attractive in S, N 9S,.
Moreover, let z := (Sp, zo,y0) € Sz N IS, and denote by (S, z,y) € C(Ry, X4) the solution of (1.1). Since
0S8, is positively invariant by Proposition 4.4 1, it follows that

/0 " By(@y(t.a)da = 0

for any ¢ > 0, so that (S,z) satisfies (1.2). Let ¢ > 0. Since (S7,z7) is Lyapunov table in {(So,7o) €
Ry x LY (Ry) : foﬂx xo(s)s > 0} by Proposition 1.2, then we can find > 0 such that

* * x * * €
1080, w0) = (ST, 2] lmxzr0.00) <1 = (@ (2), BF (2)) = (ST, 2])|Rxzr 0.00) < 5
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Populations over time

— Suceptible population S
— Infected population x
Infected population y

3
——

Total quantity of individuals
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0 10 20 30 40 50 60 70 80 LY 100
Time

FIGURE 2. Case R} > max{R{,1}.

We also know that [|®7(2)[|11(0,00) < € #0%||@o]|L1(0,00) for any ¢ > 0 by using Proposition 4.4 6. Thus we
consider 7 := min{7n,e/2} and we let z € S; N IS, such that ||z — E1||x < n. We then have

12:(2) = Erllx = (27 (), 27 (2)) = (ST, 21)lrxz10,00) + 197 (2) ][ 210,00) < €

which proves the Lyapunov stability of E; in dS, and consequently the global stability.

3. (a) Suppose that RY > max{1, Ry }. From Proposition 3.3 3 and Theorem 5.4 3 we deduce that E is G.A.S.
in S,.
(b) Similarly, when R§ > 1 the global stability is deduced from Proposition 4.4 5(a).

4. Suppose that Rf = Ry > 1, then the result derives from Theorem 5.4 4.

We can note that the global stability of endemic equilibria implies the persistent of the corresponding disease.

6. NUMERICAL SIMULATIONS AND FINAL REMARKS

We start this section by some illustrations of the main results. We plot the total quantity of individuals,
i.e. the L'-norm for z and y, in function of time. We also consider two different initial conditions (in line and
dotted line) in S; N'S,. In Figures 2 and 3, the competitive exclusion principle applies: the disease with the
biggest Ry value persists while the other one go extinct. In Figure 4, the two solutions (corresponding to both
initial conditions), converge to two different equilibria belonging to the set {E*, «a € [1,2]}. We can note that
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Populations over time
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FIGURE 3. Case Rjj > max{R{,1}.
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FIGURE 4. Case R = R} > 1.

the results obtained in the paper could be extended to the general case (N > 3):

N oo
GO = M-S0 =50 X [ o @
T+ G = i @)m(t0)
,(t,0) = S(t)fo Bz, (@), (t,a)da,

(S(O)axl(ov ')7 T 7xN(Oa )) = (So’w?a T 730(1)\/') € R-i— X (L},-(O,OO))N
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for every n € [1, N]. As we noticed with (1.1), considering an initial condition in 95, for some n € [1, N]
amounts to study the N — 1 dimensional case. Therefore, even if the number of cases increase exponentially,
only the set S;, x -+ x Sz, is important for the initial conditions. In that situation, the competition exclusive
principle applies whenever there exists ¢ € [1, N| such that Ry* > Ry for every j € [1,N] \ {i}, that is: the
disease x; persists while all the other go extinct. When the maximum if not unique, we can prove the existence
of an infinite number of equilibria, that constitute a global attractive set, whose stability is an open problem.
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